Introduction
We consider the existence and multiplicity of solitary waves of the generalized Kadomtsev-Petviashvili equation (1) ω t + ω xxx + (f (ω)) x = D general nonlinearities including nonhomogeneous ones using the AmbrosettiRabinowitz mountain-pass theorem. As observed in [4] , a physical example of a nonhomogeneous nonlinearity is contained in [8] .
In this note, we shall consider multiplicity of solitary waves. To state our results, we first give some preliminaries.
In this section, c > 0 is fixed.
Definition. On Y := {g x : g ∈ D(R 2 )} we define the inner product A function u : R 2 → R belongs to X if there exists (u n ) ⊂ Y such that
The space X with inner product (2) and norm (3) is a Hilbert space.
Now consider the problem
We assume (f 1 ) f ∈ C 1 (R, R) and for some 2 < p < 6 and c 0 > 0,
(f 2 ) there exists 2 < α < p such that, for every u ∈ R\{0},
where
(f 4 ) there exist 0 < a < b such that, for every u ∈ R,
The weak solutions of (P) are the critical points of the functional ϕ defined on X by
In order to obtain multiplicity results, we shall reformulate the problem to one defined on the unit sphere in X. For u ∈ S, where S is the unit sphere in X, and λ > 0, one finds
As in [1] , it is easy to verify that, for every u ∈ S, there exists a unique λ(u) > 0 such that
We define a new functional on S by
If we replace f (u) by the nonlinear term d|u| p−2 u, where d > 0, we obtain the associated functionals ϕ d defined on X and ψ d defined on S. We shall prove that the infima
are always achieved and positive. We shall use the following notations:
For any set A ⊂ X invariant with respect to translations, we denote by A/R 2 the quotient of A with respect to translations. Our main assumption is ( * ) there exists γ satisfying 0 < γ ≤ m b such that
2 contains only isolated points.
then (P) has at least two geometrically distinct weak solutions.
A compactness condition
In this section, we shall give a characterization of all (PS) sequences for ϕ (defined in (4)) in X. Similar results were obtained in [6] for Hamiltonian systems.
Lemma 2. (i)
The following imbeddings are continuous:
(ii) The following imbeddings are compact:
Proof. For (i), see [2] , p. 323. For (ii), see [4] , Lemma 3.3.
Lemma 3. If (u n ) is bounded in X and if for some r > 0,
Proof. See [10] , Lemma 4.
Proof. Note first that 0 is an isolated critical point of ϕ.
Hence lim
which is a contradiction.
and
Proof. First, by (f 2 ) for n large,
Hence, u n is bounded in X. By Lemma 3, we may assume there exist δ > 0, ν > 0 and (
Next, we show that v 1 is a critical point of ϕ. For every w ∈ Y , we have
Next, we consider the new sequence u Therefore, we may repeat the proof above finishing the proof of the lemma. First,
Note that (u 2 n , v 1 ) → 0 as n → ∞. So it suffices to show that the last integral in (13) tends to zero as n → ∞. For any ε > 0, we may choose R > 0 such that
In the following c denotes various constants independent of u. By (f 1 ),
Combining this with the fact that u
for any 2 ≤ p < 6, we get (11). To show (12), let ω ∈ Y . Then
Let ε > 0, and choose R > 0 again such that (14) holds. Then
And
Using the convergence of u
Since there is a one-to-one correspondence between the critical points of ϕ in X and the critical points of ψ on S, the following lemma is a consequence of Lemma 5.
Lemma 6. Let {u n } ⊂ S be such that ψ(u n ) → c ∈ [m, 2m) and ψ (u n ) → 0 as n → ∞. Then there exist (x n , y n ) ∈ R 2 such that u n ( · + x n , · + y n ) (up to a subsequence) converges to u 0 ∈ S, and ψ (u 0 ) = 0, ψ(u 0 ) ∈ [m, 2m).
Recall that the least energy for ψ on S is defined by
Theorem 2. Under assumptions (f 1 )-(f 3 ), the least energy m is always achieved and therefore (P) has a nontrivial weak solution. If we further assume f to be odd in u, then (P) has a pair of nontrivial geometrically distinct weak solutions.
Proof. It is easy to see that Lemma 6 implies that m is attained. If f is odd, ψ is even on S. Then it suffices to show that for u = 0, −u cannot be a translation of u. Indeed, if for some (
i.e., u is a periodic function, which is impossible.
Remark. A weak convergence argument was used in [10] by Willem to show the existence of solutions of (P), which allows weaker assumptions on f .
Multiplicity results
To prove our main results, we follow the approach used in [1] where multiplicity results for homoclinic solutions were proved for a class of autonomous Hamiltonian systems. The basic tool is the Lyusternik-Schnirelman category theory. 
As was noted in [1] this property is enough to establish the Lyusternik-Schnirelman theory in ψ c for c ∈ [m, 2m).
Our main theorem will be proved if for some c ∈ [m, 2m), we can get
because if ψ has only one critical point modulo translations the category of this point together with its translations is 1.
To estimate the category of the level sets for ψ, we shall compare them with the ones of ψ a and of ψ b . First, some preliminaries.
For u ∈ X, we define
We may abuse the notation denoting by [u] a point in X/R 2 .
Lemma 8. Let A ⊂ X be such that A/R 2 is an isolated set. Then for any u ∈ A, there exists an open set U u in X such that
Then there is an ε-neighbour-
. Then consider the projection map π : X → X/R 2 , which is continuous. Define
Then it is obvious that (1)- (3) are satisfied. For (4), note that V [u] is contractible to [u] and therefore U u is contractible to [u] in X. Proof. By (f 4 ), for every u ∈ X,
and thus
This proves the second inclusion for any c and δ. Next, we choose
Proof. This is more or less standard; for a reference, see [1] . Though it was not clearly stated there the proof of Lemma 6 in [1] works here.
Finally, we prove our Theorem 1.
Proof of Theorem 1. As was noted earlier, by Lemma 7 it suffices to show that cat(ψ c ) ≥ 2 for some c ∈ [m, 2m). such that u n / ∈ u∈A/R 2 U u . Hence {u n } is a minimizing sequence for ψ b on S. By Ekeland's variational principle (see e.g. [7] ), we may assume {u n } is a (PS) m b sequence for ψ b . By Lemma 6, there exist (x n , y n ) ∈ R 2 such that v n (x, y) = u n (x + x n , y + y n ) converges in S to The proof is complete.
Remark. Inspecting our proof, we see that our arguments imply that ψ has as many geometrically distinct critical points on S as ψ b does.
